Femtosecond pulsed laser interferometry has important applications in measuring picometer-level displacements on sub-nanosecond time scales. In this paper, we experimentally examine its achievable displacement resolution, as well as the relationship between the laser's optical spectrum and the interferometer's effective wavelength. The resulting broadband displacement noise and noise floor of the pulsed laser Michelson interferometer are equivalent to that achieved with a stabilized continuous wave HeNe laser, where values of 1.01 nm RMS and 27.75 fm/√Hz have been demonstrated. It is also shown that a single effective wavelength can accurately describe the fringes of the pulsed laser interferometer but the effective wavelength value can only be determined from the optical spectrum under certain conditions. These results will be used for timeresolved displacement metrology with picosecond temporal resolution in the future.
Introduction
Femtosecond pulsed laser interferometry is capable of measuring periodic picometer-level displacements occurring at nano-to picosecond time scales using a stroboscopic measurement. For example, to visualize the propagation of acoustic waves in bulk material [1] [2] [3] , a high-energy pump pulse is used to excite elastic waves induced by rapid thermal expansion and a low-energy probe pulse is used to measure the displacement through interferometry. By continuously varying the delay between the pump and probe, timeresolved displacements can be obtained. The femtosecond pulse acts as a strobe, effectively freezing the motion for a given phase between the pump and probe, and the measurement is averaged over many laser pulses to reduce the influence of noise. Similar examples of pulsed laser interferometry include time-resolved imaging of surface ablation [4, 5] , measurement of vibrations in micro-and nanomechanical structures [6, 7] , and nondestructive inspection of electronic packaging [8, 9] .
Within the research described above, the resolution and noise limits of pulsed laser interferometry have not been investigated in detail. Therefore, it's unclear if the performance of pulsed laser interferometry can match that achieved with a frequency-stabilized continuous wave (CW) helium neon (HeNe) laser, which is the predominant choice for displacement metrology due to its accurate and stable wavelength. In this paper, we examine these performance metrics using a two-quadrature Michelson interferometer with a pulsed laser and compare the results with that obtained with a CW HeNe laser. Additionally, the relationship between the interferometer's effective wavelength and the pulsed laser's spectrum is investigated in order to determine the wavelength value that should be used in displacement measurements. Pulsed lasers can have a broad and complex optical spectrum unlike CW single wavelength lasers, resulting in ambiguity in the wavelength that describes the interference fringes. The presented results will support future studies on measuring highfrequency surface acoustic waves and micromechanical resonators with improved accuracy and bandwidth using pulsed laser interferometry.
The experimental layout of the Michelson interferometer and the characteristics of the pulsed laser (e.g., spectra, pulse duration) are described in Section 2. Pulsed laser interferometry is then demonstrated by measuring quasi-static displacements over several micrometers in Section 3. These results are then used to determine the effective wavelength of the pulsed laser interferometer and compare these results to the primary peak found in the optical spectrum of the laser for different spectral filtering conditions. The interferometer's broadband displacement noise and displacement noise floor are then compared with the CW HeNe laser in Section 4, followed by conclusions. Figure 1 shows a schematic of the pulsed laser interferometer used in this work. It is a homodyne Michelson interferometer with two readout quadratures [10] , 0° and 90°, where the two arms of the interferometer are indicated by a black dashed box. This type of twobeam interferometer is widely used for accurate displacement metrology and provides a relatively simple optical layout, making it an attractive choice for testing the performance of pulsed laser interferometry. Using the two quadrature signals ensures that there is no ambiguity in the displacement direction and minimizes the influence of laser intensity fluctuations on the measured displacement. While the displacements measured by pulsed laser interferometers are typically much smaller than a quarter wavelength, such as surface acoustic waves, multi-fringe excursions are used here to determine the effective wavelength of the interferometer when using the pulsed laser, as discussed in the next section.
Pulsed laser interferometer
Two lasers are used in the experiments, a pulsed laser and a continuous-wave (CW) heliumneon (HeNe) laser. The pulsed laser is a mode-locked fiber laser with a nominal wavelength of 780 nm (Menlo Systems, custom C-Fiber 780 [11] ). The repetition rate is feedback stabilized and was set to 50 MHz for all experiments. The CW HeNe laser (Research Electro-Optics, 32734) is frequency stabilized with a stability better than 1 MHz over one hour. This type of laser is widely used for displacement metrology and serves as a reference in the presented experiments. Both lasers are attenuated, converted to 45° polarization, and collimated before entering the interferometer. Two apertures are used to align the pulsed laser and CW laser beams so that they enter the interferometer at the same position and orientation.
Upon entering the interferometer, the laser is split into the measurement arm and reference arm by a broadband 50/50 polarizing beam splitter (PBS). The measurement arm mirror is mounted on a piezoelectric nanopositioner (Physik Instrumente, P-753.1CD), which sits on a piezoelectric stepper stage (Attocube, ECS3030). Controlled motion of this mirror is used to demonstrate the interferometer, where the nanopositioner is used for motion of a few micrometers with nanometer resolution and the stepper stage is used for larger motion. The interferometer was covered with an enclosure during experiments to reduce environmental noise due to acoustics, airflow, and temperature drift. The beams reflected by the two arms of the interferometer are recombined at the same beam splitter. Polarization optics are used to split the interference signal into two quadratures with one phase shifted by 90° from the other. The two quadratures are measured using photodetectors with 500 kHz bandwidth (Femto, OE-200-SI) and a data acquisition system. The three quarter-wave plates indicated in red in Fig. 1 are rotated with their fast axes at 45°, while the half-wave plate in red has its fast axis at 22.5° [10] . The wave plates are selected to match with the laser in use (pulsed laser, 780 nm; CW laser, 633 nm).
Figure 2(a) shows the optical spectrum of the pulsed laser measured with a Czerny-Turner spectrometer (Thorlabs, CCS175). The spectrum is more than 20 nm wide, has peak intensity near 783 nm, not the specified 780 nm, and is highly asymmetric. In order to observe how the interferometer resolution changes when the spectrum is modified, three narrow optical bandpass filters centered nominally at 785 ± 1.5 nm (Filter A), 780 ± 5.0 nm (Filter B), and 770 ± 5.0 nm (Filter C) are used in the following experiments. The optical spectrum when using Filter A, as shown in Fig. 2(b) , has a near-Gaussian shape with reasonable symmetry while the optical spectra with Filters B and C are broader and asymmetric. The interferometer is also a field autocorrelator, making it straightforward to estimate the pulse duration without and with the filters. The piezoelectric stepper was scanned with 50 nm steps over a range larger than the anticipated pulse duration, resulting in the field autocorrelation data in Figs. 2(c) and 2(d). The amplitude of the optical fringes reaches the maximum when the two pulses travel the same distance in the two arms of the interferometer. The length of each arm is approximately 30 cm, much smaller than the spacing between two adjacent pulses (6 m), such that there is only one pulse in the interferometer at any given time. The pulse duration increases from 60 fs (width = 18 μm) to 450 fs (width = 135 μm) when adding Filter A, as expected due to the limit on the timebandwidth product. The pulse durations are approximately 130 fs (width = 39 μm) and 100 fs (width = 30 μm) when using Filters B and C, respectively (data not shown). Therefore, all of the following results are taken with pulses in the femtosecond range. The stated pulse duration values are only approximate since the pulses are not Gaussian and the pulse chirp has not been characterized [12] .
Quasi-static displacement measurements
In this section, the pulsed laser interferometer is demonstrated by measuring the displacement of the measurement arm mirror. In addition to demonstrating the functionality of the interferometer, this quasi-static measurement over multiple fringes is used to determine the effective wavelength for the pulsed laser. After adjusting the interferometer so that the two arms have equal length, the piezoelectric nanopositioner was controlled to track a 1 Hz triangular wave trajectory with an amplitude of approximately 5 μm. The position of the nanopositioner was measured with an integrated capacitive sensor and the two photodetector signals, where all signals were recorded with a computer controlled data acquisition card (DAQ).
Figure 3(a) shows the measured raw signals from the two photodetectors without the optical filter, along with the output from the capacitive sensor. Note that the amplitude of the fringes is a function of the percentage of overlap between the two pulses, as indicated by the changing amplitude over the displacement range. When Filter A was added to the optical path, a smaller change in the fringe amplitude was observed for the same displacement due to the significant increase in the pulse duration, as shown in Fig. 3 (c) (data with Filters B and C not shown, but are similar). In all cases, the fringes have excellent visibility and are clearly sinusoidal. The average power of the pulsed laser entering the interferometer was adjusted so that the peak amplitude of the fringes was the same without and with the filters. The laser power entering the interferometer was measured to be approximately 530 μW using a thermal power sensor for all cases.
The resulting phase shift observed by the interferometer was calculated from the raw fringe data using a well-established data processing procedure for the traditional CW laser interferometer with two-quadrature detection [13] . In short, the voltage outputs from the two photodetectors were normalized to the same peak amplitude and the DC offset was removed. The phase was obtained by dividing the processed signal from PD #2 (90° signal) by the processed signal from PD #1 (0° signal), and then taking the arctangent of the quotient. Because of the division, the changing amplitude of the fringes is eliminated. In order to obtain the displacement of the nanopositioner, the phase must be unwrapped and multiplied by λ/(4π), where λ is the optical wavelength. For a single frequency CW laser interferometer, the value of λ is well defined. However, since the spectrum of a femtosecond laser is broad and complex as shown in Figs. 2(a) and 2(b), it is not obvious whether a single-wavelength model holds and if it does, what is the effective wavelength. In previous work on pulsed laser interferometry, it has been assumed that a center wavelength in the optical spectrum is well defined (e.g., see [1] ). If the optical spectrum were truly Gaussian and there was no chirp in the pulse, the wavelength at peak amplitude in the spectrum would in fact be the effective wavelength for the interferometer. However, as shown above, the optical spectrum is not Gaussian, even when filtered, and likely has some degree of chirp. Looking at the data in Fig. 3 , it is clear that the displacement can be recovered by multiplying the phase by a single wavelength since the fringe data is sinusoidal. Measurement of this effective wavelength is achieved by using the HeNe laser as a reference, where the results of the pulsed laser interferometer are compared to the CW interferometer.
First, the CW interferometer is used to calibrate the capacitive sensor, thereby providing a precise relationship between the output voltage of the capacitive sensor and the displacement of the nanopositioner. The wavelength of the HeNe laser is known to be 632.81 nm for the temperature, pressure, and humidity during the experiments [14] . The aforementioned data processing procedure was used to calculate the nanopositioner displacement from the CW interferometry data, as shown in Fig. 4(a) . The gain of the capacitive sensor was determined by finding the value that minimizes the root mean square (RMS) of the difference between the CW interferometer displacement data and the capacitive sensor voltage data. This resulted in a gain of 8.4 × 10 5 V/m and an RMS difference between the interferometer and sensor of 2.73 nm (≈ 0.05%), as shown in Fig. 4(b) .
The effective wavelength of the pulsed laser is then determined by minimizing the RMS difference between the displacement found with the interferometer (i.e., unwrapped phase data multiplied by λ/(4π)) and the calibrated capacitive sensor signal, where λ is the fit parameter. The difference between the displacement measurement from pulsed laser interferometer after fitting the effective wavelength and the capacitive sensor are shown in Figs The effective wavelengths resulting from the fit for each case are shown in Table 1 . As expected, the effective wavelength shifts with the bandpass filter center wavelength. In order to compare the measured effective wavelength with the optical spectrum, a parabola was fit to the primary peak in the optical spectrum (data truncated 40% from peak), yielding a center wavelength, as shown in Table 1 . The difference between the measured effective wavelength and the center wavelength from the optical spectrum is well within the spectrometer's accuracy (< 0.6 nm) for all filtering conditions. The above wavelength data was obtained with the two pulses perfectly overlapping. The measurements were also performed for varying levels of pulse overlap, determined by the pulse delay, as shown in Fig. 5 . It was found that the variation in the measured effective wavelength without a filter can be as large as 4.3 nm (0.55%) compared to the value found when the pulse delay is zero. The variation in the effective wavelength is significantly reduced (i.e., within the standard deviation of all measurements) when Filter A is used. It is likely that the wavelength variations found in the unfiltered case are due to the short pulse duration, which results in interference between the leading and trailing edges of the two pulses, respectively, for sufficiently long delay time. This partial overlap will shift the wavelength compared to that found at zero delay time due to pulse chirp and asymmetry.
These results show that the primary peak in the optical spectrum may provide a good measure of the effective wavelength in some cases but that it is better to measure it directly using the interferometer and a length reference, such as the CW HeNe laser, as described above. This is particularly true for short pulses with high asymmetry and chirp. Most of the previous research on pulsed laser interferometry uses the specified laser wavelength or the wavelength at peak intensity in the spectrum rather than a direct measurement of the effective wavelength, resulting in significant error within the context of precision interferometry. For example, when considering the case without the filter, the displacement error would be 0.40% if the specified wavelength (780 nm) was used and as high as 0.55% when the two pulses do not perfectly overlap.
Displacement noise measurements
Displacement noise is the most important point of comparison between the CW and pulsed laser interferometers since it determines the smallest displacements that can be measured. Both the broadband displacement noise and displacement noise floor have been measured to fully characterize interferometer performance. First, the interferometer gain was found, which is defined as the proportional constant between the displacement measured by the interferometer and the resulting voltage signal from the photodetector at the point of highest slope on the fringe. This parameter can be extracted from the fringe data discussed in the previous section and is shown in Table 2 . The broadband displacement noise was found by calculating the RMS of the residue resulting from a linear fit of the measured displacement between mirror reversals (see Table 2 ). The broadband displacement noise for the pulsed laser interferometer was found to be within 5.8% of that for the CW interferometer for all filtering conditions, showing that the two interferometers are comparable in this respect.
Even more important than the broadband displacement noise is the displacement noise floor. This is because many pulsed laser interferometry measurements use amplitude modulation of the pulse train before it reaches the photodetector for a narrow-band measurement with a lock-in amplifier [2, 6] . By introducing modulation and the lock-in technique, the displacement resolution can improve from nanometers to picometers and below by making use of the noise floor at high frequency. In order to perform the noise floor measurement, the signal generator and the servo controller for the nanopositioner are disabled. An external integral controller (SRS, SIM960) is used to lock the 0° quadrature to the point of highest slope on the fringe by controlling the nanopositioner motion (see Fig. 1 ) [15] . The bandwidth of the controller is only a few hundred hertz so the detection noise above this frequency range is unaffected by the controller. The noise spectral density was measured for the HeNe and pulsed lasers with a spectrum analyzer (SRS, SR785). For all measurements presented in this section, the laser power was adjusted so that the DC output voltage of the detector was the same for all filter conditions. The displacement spectral density was obtained by dividing the noise spectral density from the photodetector by the interferometer gain, resulting in the data in Fig. 6 . The displacement noise floor was measured at the upper end of the frequency range of the displacement spectral density, yielding the values shown in Table 2 . The ratio of the noise floor of the pulsed laser interferometer to that of the CW laser (27.75/21.73 = 1.28) is very close to the ratio of their wavelengths (783.16/632.81 = 1.24). Shot noise and detector noise set the fundamental limit on the noise floor [16] , and both are linearly proportional to λ. Therefore, the difference between the noise floors for the two interferometers can be explained by the difference in wavelength, indicating that the performance of the pulsed laser interferometer is essentially equivalent to that found with the CW laser. We note that the noise spectral densities for the HeNe and pulsed lasers were also measured before entering the interferometer. While the spectra in this case were simpler due to the absence of resonances from the instrument's optomechanics, they still had a similar noise floor.
The increase in the noise floor due to filtering is small so there seems to be little advantage in not using a bandpass filter. As described in the previous section, filtering provides a more consistent effective wavelength when the delay between the interfering pulses varies. The effect of pulse delay on the noise floor was also investigated, as shown in Fig. 7 . It was found that the noise floor increased dramatically as the pulse delay increased for the unfiltered pulsed laser. This is due to the drop in laser intensity on the photodetector when the pulses are not perfectly overlapping. The same trend can be seen for the filtered pulsed laser, although with a much more gradual increase in the noise floor since the pulse is wider. This effect can be countered by increasing the laser power going into the interferometer as the power on the detector decreases due to delay between pulses. However, this will increase the power on the mirror that is being measured, resulting in an increase in heating of the sample under test, which is undesirable. Due to these factors, the pulsed laser interferometer should be adjusted to have zero delay between the interfering pulses in order to achieve the best performance.
The displacement noise results show that the pulsed laser interferometer achieves very similar displacement resolution for periodic measurements (e.g., waves and vibrations) compared to that for a CW HeNe laser. This may not seem particularly useful when the displacements occur within the bandwidth of the photodetector, in this case 500 kHz. However, the pulsed laser interferometer can measure displacements at frequencies much higher than the photodetector bandwidth through synchronized stroboscopic measurements, where frequencies of 10 GHz and above are possible [1, 3, 7] . By synchronizing the repetition rate of the laser with the excitation signal applied to the system under test, complex periodic motion occurring at frequencies well beyond the photodetector bandwidth can be measured. In order to measure higher frequencies with the CW interferometer, a photodetector with higher bandwidth is required, necessitating faster photodiodes and amplifiers. This inevitably results in higher detector noise, electromagnetic interference, and insertion loss, thereby degrading the resolution of the interferometer. For example, we have used the same method presented above to characterize the CW laser interferometer using a high-speed photodetector with 2 GHz bandwidth (Thorlabs, DET025A/M). It was found that the displacement noise floor was 0.6 pm/√Hz between 1 GHz and 2 GHz. Therefore, the pulsed laser interferometer outperforms the CW interferometer by a factor of approximately 20 in this case.
Conclusion
In this paper, the performance of pulsed laser interferometry was examined experimentally in terms of broadband displacement noise, displacement noise floor, and the effective wavelength of the interferometer. The broadband displacement noise (≈ 1.01 nm RMS for 2.5 kHz bandwidth) and the displacement noise floor (≈ 27.75 fm/√Hz) are nearly equivalent to those found using a frequency stabilized CW laser when accounting for differences in wavelength. Using a CW interferometer as a reference, it was found that a single effective wavelength accurately describes the fringes of the pulsed laser interferometer, even when the optical spectrum of the laser is asymmetric and has two peaks. Additionally, the difference between the center wavelength found from a parabola fit of the optical spectrum and the measured effective wavelength was shown to be within the spectrometer accuracy when the pulses are perfectly overlapping. Alternatively, variations in the effective wavelength and an increase in the noise floor were observed when there is a delay between the interfering pulses. Optimal performance of the interferometer was achieved when the interfering pulses were perfectly overlapping (i.e., no delay between the pulses) and bandpass filtering was found to result in a more consistent effective wavelength. The presented results will support efforts on measuring surface acoustic waves and micromechanical devices at gigahertz frequencies using synchronized stroboscopic techniques with the pulsed laser interferometer, which will be demonstrated in future work. Schematic of the homodyne Michelson interferometer. λ/2: half waveplate, λ/4: quarter waveplate, PBS: polarizing beam splitter, NPBS: non-polarizing beam splitter, PD: photodetector, DAQ: data acquisition card, Piezo: piezoelectric nanopositioner, Stepper: piezoelectric stepper stage. The bandpass filter is used to reduce the optical spectrum bandwidth of the pulsed laser for some measurements, as described in Section 3. Effective wavelength measured when the two interfering pulses partially overlap with each other for the conditions without filter (red) and with Filter A (black). The delay between the two pulses was achieved by moving the piezoelectric stepper in 10 μm increments (≈67 fs in delay time). The error bars are the standard deviation of five independent measurements for each delay time. The center wavelengths from the parabola fit of the spectra without and with Filter A are illustrated by red and black dashed lines, respectively. Displacement spectral density for the CW laser interferometer and pulsed laser interferometer for all filtering conditions. 
